A major challenge to the control of infinite dimensional quantum systems is the irreversibility which is often present in the system dynamics. Here we consider systems with discrete-spectrum Hamiltonians operating over a Schwartz space domain, and show that by utilizing the implications of the Quantum Recurrence Theorem this irreversibility may be overcome, in the case of individual states more generally, but also in certain specified cases over larger subsets of the Hilbert space. We discuss briefly the possibility of using these results in the control of infinite dimensional coupled harmonic oscillators, and also draw attention to some of the issues and open questions arising from this and related work.
use of the finite dimensional symplectic represenation as well as the quantum recurrence theorem, and gave a general proof of previous numerical observations [8] . Here, we obtain a generalization of this work that only relies on Hamiltonians with discrete eigenvalues, using the quantum recurrence theorem. Essentially, such Hamiltonians naturally occur when the relevant system has only bound states, so this case captures almost all relevant control applications (see also [9] for a discussion of such Hamiltonians, relevant to the cases discussed here).
Finally we apply our results to coupled oscillator systems and show that the methods developed here allow us to substantially extend recent results on indirect control [7, 10] to the infinite dimensional case.
II. SETUP
For simplicity we will ignore spin degree of freedom and consider wavefunctions in one spatial dimension only (the generalization is straightforward). Although much previous work in infinite dimensional control has been done treating closed loop systems (see, for instance [11] and references therein), we are focusing here on open loop controls. We consider the Hilbert space H of squareintegrable wavefunctions (i.e., the space L 2 (R)) and a finite set of self-adjoint operatorsÃ = H 1 ,H 2 , . . . ,H K which are assumed to be polynomials in position and momentum. The setÃ describes the directly implementable Hamiltonians, i.e. the set of available Hamiltonians between which the experimentalist may switch at will. Hence, a control sequence consists of a list of times (t 1 , t 2 , . . . , t n ), t j ≥ 0, and another of Hamiltonian choices (k 1 , k 2 , . . . , k n ), 1 ≤ k j ≤ K, such that from time 0 to t 1 , the system evolves underH k1 , from t 1 to t 2 under H k2 and so on. Note that the setÃ may also describe systems with a drift HamiltonianH 0 , e.g. by writing H j =H 0 + H ′ j , and that continuous control sequences can be described in a manner similar to the piece-wise constant case discussed here. Assuming use of natural units throughout, so that = 1, we shall further simplify notation hereafter by defining the set of skew-adjoint operators A ={H 1 , H 2 , . . . H K }, where H j = −iH j for each j = 1, . . . , K.
As for domains, we follow [3] and consider the Schwarz space
where · is the Hilbert space norm and p and q are the momentum and position operators, respectively. This is a dense subspace of H, on whichÃ is defined. We will use the following theorems [3] :
where H k , H ℓ ∈ A and ψ ∈ H S . Note that to utilize Eq. (3) we need to be able to employ −H k and −H l for H k , H ℓ ∈ A. How to do this when −H k, − H l / ∈ A is the central problem addressed in this paper.
The reachable set R from an initial state ψ 0 ∈ H S is given by the states for which there exists a control such that they become solutions to the Schrödinger equation with initial condition ψ 0 , e.g,
Similarly, we have the reachable set of unitaries, U, given by
We define the dynamical Lie algebra l s ≡ A [·,·] of the system as the real Lie algebra generated by A, i.e. the set of operators one obtains from A through real linear combinations and commutators. Note that any element H ∈ l s / (−i) is a polynomial in position and momentum, and self-adjoint with domain D H ⊃ H s .
III. CONTROLLABILITY
In this section we will provide some theorems that allow us to characterize the controllability of infinite dimensional systems through reachable sets. First we use the quantum recurrence theorem to show that if each element in A has a discrete spectrum, then irreversibility can be overcome and with regard to the reachable set from a specific starting state ψ 0 we have that R (ψ 0 ) ⊃ e ls ψ 0 , whereR denotes the norm closure of R [17] . This result is analogous to the finite dimensional characterization [1] . Because recurrence times are usually state dependent, such point-wise characterizations can only be extended to larger sets using further structure. To this end, we show that for any compact set in Schwarz space the closure of the set of reachable unitaries contains e ls . Finally, motivated by physics, we consider the case that each element in A has a spectrum of energy eigenvalues which is bounded below and has no accumulation points. We show in that case that any set of states with an overall bound on the energy expectation values with respect to A contains e ls in the closure of its reachable set of unitaries.
A key result employed here is the Quantum Recurrence Theorem [12, 13] . So long as our system is evolving under the influence of a constant Hamiltonian that has a discrete spectrum of energy eigenvalues, then the theorem tells us that if our system is in the state ψ (T k ) at time T k , then as the system evolves in time, there will for any τ, δ > 0 occur a time
is the state at time T l ). That is, if one waits long enough from an initial time T k the system will always return arbitrarily close to the state ψ (T k ) in which it was at time T k . Note as well that by the theory of almost-periodic functions [14] the recurrence implied by the theorem in fact represents an infinite sequence of such recurrences for any δ.
Theorem 1. If each element in
A has a discrete spectrum, then e ls ψ 0 ⊂R (ψ 0 ).
Proof. For any H k ∈ A, we have e H k t k ψ 0 ∈ R (ψ 0 ) ⊂ R (ψ 0 ) for any t k ≥ 0, by our definition of R (ψ 0 ) above. Consider now the case of e −H k t k ψ 0 for H k ∈ A, t k > 0. Now, because H k has a discrete spectrum we may invoke the Quantum Recurrence Theorem to show that for any δ > 0 there exists a t k * ≥ 0 such
By the unitarity of the exponential operators, this implies equivalently that (2) and (3) allow us to approximate e (H k +H l )t k,l ψ 0 and e [H k ,H l ]t k,l ψ 0 , respectively, with an arbitrary degree of accuracy. It follows that
Combining the above we have that e ls ψ 0 ⊂R (ψ 0 ).
The result of Theorem 1 is applicable to any ψ 0 ∈ H S , but in general only to such ψ 0 considered individually. In the context of quantum computing this is especially problematic, firstly because we would like in general to implement unitary operations not just on individual states but across subsets of the Hilbert space, and secondly because we may not in any case be able to possess perfect information about the initial state. The ability to perform a unitary operation reliably over a set of states close to the one of interest thus provides a stability condition for the controllability of the system. In the following two theorems we extend the result to larger subsets of H S . In both cases the result depends on the details of the proof of the Quantum Recurrence Theorem, outlined below. The point is that while recurrence times usually depend on the state (making the control sequence statedependent in turn), under the extra condition of compactness or finite energy expectation state-independent recurrence times, and thus state-independent control sequences, may be found.
As a solution to the Schrödinger equation at time T k , with a constant discrete-spectrum Hamiltonian, the state ψ (T k ) may be expanded as the infinite sum ψ (T k ) = ∞ n=0 c n e −iEnT k φ n , where the c n are complex coefficients depending on ψ (T k ) (with ∞ n=0 |c n | 2 = 1), and φ n are the eigenstates corresponding to the Hamiltonian's discrete energy eigenvalues E n . Assuming the Hamiltonian remains constant, a state ψ (T l ) at time T l > T k may be similarly expanded as ψ (T l ) = ∞ n=0 c n e −iEnT l φ n , and then it follows that
Furthermore, by the theory of almost-periodic functions [14] it will always be possible to find a value of T (or indeed an infinite sequence of such values) such that for any δ > 0
Combining these facts, with N suitably chosen in Eq. (6) andT suitably chosen in Eq. (7), gives us
from which it follows that ψ (T k ) − ψ (T l ) < δ, as desired. Note that in Eq. (7) the choice ofT depends only on the E n , which are in turn dependent only on the Hamiltonian; i.e., the choice ofT is independent of the particular system state vectors under consideration.
Theorem 2. For any compact set X ⊂ H S , e ls ⊂Ū.
Proof. For H k ∈ A, t k ≥ 0, we have e H k t k ∈ U ⊂Ū. Now consider the unitary e −H k t k for H k ∈ A, t k > 0. Let ε > 0 be given, and let B = {B (ψ) |ψ ∈ X}, where
This is an open covering of X, so by compactness we may choose a finite subcoveringB = {B (ψ i ) |B (ψ i ) ∈ B, i = 1, . . . , q}. Let δ = ε 3 in Eqs. (6) and (7) above. For each ψ i we may choose an N i ∈ N satisfying (6); let N = max {N i : i = 1, . . . , q}. Having made this choice of N , we may choose aT = t k + t k * > 0 (with t k * ≥ 0) satisfying (7), where the choice ofT depends only on the energy eigenvalues ofH k . With this choice of N andT , it follows that
, for all ψ i , i = 1, . . . , q. Now consider an arbitrary ψ ∈ X. Noting that every such ψ is contained in some B (ψ i ), we have that:
Thus we see that e H k t k ∈Ū. Now, noting that neither Eq. (2) nor (3) depend on the system state vector ψ under question, then for H k, H l ∈ A and t k,l ∈ R we will have 
Proof.
Again, e H k t k ∈ U ⊂Ū for H k ∈ A, t k ≥ 0, but we must consider the case for e −H k t k with H k ∈ A, t k > 0. For H k with energy eigenvalues bounded below, we may organize this set of eigenvalues {E 0 , E 1 , E 2 , . . . , E n , . . .} in ascending order, i.e. such that E 0 ≤ E 1 ≤ E 2 ≤ . . . ≤ E n ≤ . . . for all n ∈ N, where we assume with loss of generality that E 0 ≥ 0. For an infinite dimensional system this boundedness of the eigenvalues below, combined with the lack of accumulation points, also gives us that E n → ∞ as n → ∞, while by the bound on the energy expectation value we have H k ψ < M for allH k ∈Ã, ψ ∈ X, and for some finite M ∈ R, M > 0 (with c n , E n defined as above). Let δ > 0 be given, and choose finite N ∈ N such that E N +1 ≥ 8M δ 2 (noting that the lack of accumlation points makes such a choice possible). Since
